@iggm eV\JC\'a\ Topo)oﬁy ) L)y Milnor,
NMote by Conan Leun27
§ j_mmmsfon (e, ML—sN)

:DQJC. f" MY\ — NP is  called (1) mmension
v xeM, dfeo TM =Tl 11,
(Q) eml)ecufng {f movreoven, JC homeo. 'cho.

N\l\eorem. St Mn — HQP w pzan
p— E 6: l\/\n\fQ——> RP nean 3f
pmension.

(Ig Y = Mst. HY has ran]< n, (e \i ;O“J‘res:g>’>
tha 3 9 as above <+ glv = fly.

Key lemma  (local case) =S :]Rn—% HQP w pzan
’__> 3 61 ﬂzn\o——é HQP nean g
w/ % (X) = fC'X) =+ AX, 35”’!&” A eMﬂ%pxm

FPJC of lemma: Do) =Dloo + A

F(Q.%)2Q-Dfw - Makpm * R" —— Makpn
PYAN = i (—— ——)< diml——)

= Im(F) = Majcpm has measure = O

= 3 Apm anki%mvily c}ose t o
. A £ @—chm Vo, Y rk@)<n

ie. Dfeo + A Glways vonk = QED.
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P—f of jc}\m Pick CounJ(aUe ﬁocany—fiv\i)ce (oven M:{Q Vi
’/nodify g on \Vi's  one \7)1 one.  Say Vi=B()

Lo w— foo+ oo Ax.
C’u{'off for Ve

Do + (Ax) det) + e A
€3 <Lc¢ <1

3 small A w/ |Ax]< % + %€ \V:=RE3)
S.)t. ]C + QGA@() has  max. vk. on Vi

1V\olucjc\‘\/el>/ ~ ﬁ w/ 16— f1<s

(1; 1y has max k.= same for o ma,)

= Con choose Vo 1o be this mbd.
QED



% Embed O(Mf)

Theorem. ¥ M 3 emb. Mn <—|R

N+

Lemma. Given immension Jf? M'e s mP

PZZUI—H —  1-1 immersion ﬂ rg,

pemanL Eml) @ 1 3mmension
bu)t ’)’lo{' em})

(" not assumi ngMCP‘l’.)

_/\—);F OJ[\ )emmai AS Be:gio‘re, ’}'noclfa(7 on Vo via
foom>foo + @0 b w small beR

MxM === R

({X\ ’ 9(2) — :F(Xt)‘“:f(%z)

P > an = Imaﬂe has measuye = O

e —

—

Of ‘U\eofem: 10 Cor\sjfru(,)[ Jfot Mn‘HI’R
w/ limit et I_(JCO)::

L) 2 {y€R - V=L Idiv seg %s in M}

7”\0%6 )@oc.j(;mjce stzM ¢ panjﬁjc‘a oF L@
then 50 = ; 5 @5 works.

X §=(fone) M—s R
Cl’\oose -1 immension %fg\/f — (3 ‘topo. evmb

~—



% Tﬂams VMSOLII'%V

Theovrem. § M — X dosed
= 3 ﬂ : M — ><
CIOSQ o 1} and 9 (h Y

(COJ’I QISO 1<@t’-P % OOL\@TC’V(’Il %ran\/ef\Se 'lio Y a\reac#/)

/QOC 9= codim(Ye X)

ie. ¥ 900 €Y {h=o}w hY—R
vark (D (he9))00 = q

. By iwxp]ici{ JCuV\CJCiOh J(L\EOYem, g,.(\()c M
is a  smooth SU))MJCJ (o]f codim 9), unless ¢

TP—JC-. Similan gs before JfCX)MJC(%)T 1o (Ax+b)

" n Ax+b 1 m
wl e Vi=BeR == R <R

L_ M NY/X X




¢ Vector Bundles

R——E-"=B: family of rdim veckor space
Eb paﬁame%ﬁzed ):»7 beB.

-

\ SMOUJL’[’\“Jfamily ilocal jﬁvivn'ali%y‘*“?moo‘”nb JcmmsiJEn acu.
l_meaﬂ al%eLﬂa S'\cmcjcwres f—aélé \/8 chr.

Seckiong (sve Ey ¥beB i E
< $:B—2E  mes=ly) groph of .
e
@ ) @ ; Pum)aCL :

Ihwen PJ‘IOAULCJC h (3 Via Pwrl?(JC\'om ojf uijy>

‘ Tamgenjc bundle TM

R TR = LLR = RV« R
— Y
M ™ = LLTM

T«M 2V L\as an injm"nsic cl«anacéenfso{:ion’
1) 15)( ord@ﬂ Fanjc oJ( o curve Y(t) thru %
je. V=Y1(0) wY:(-¢,)—M 4 Y@=%
2) diHmen{\'o\JC{on o§ func{‘(on § a\onﬂ\)od: X
e V: o"(M)ﬁﬁ%
V()= d’c . J )

In panticulan, u(f 9)= ) 9o + oo V(9)

3) In joc. cOofol (U, - u) anound X, U= ZC{55%5.



FM— X
dF (0 TeM — oo X
(dFeom)($)1= v f-Floo.

So. dF € [IMTMeFTX) = Q' (M, F'Tx)

' Embed&img F: Mc— X ZE%%ZLXX
= TM < F*Tx ::TX,M

M= TlOYVYlal JD(M’\O”Q /\/M/X as ﬁuojcien‘)f loumoue
ie. 3 Sl/\orjc exac{ seq. OJ: VB /M

0 — T — Txlw —> Ma—0©

+ Submersion [ M —> X W
IF

ie. vkF ciryher AimX
1.0 TM — F*TX

m \leﬂjcical Jtangevx)c l)umone TM/X Qs )<gmel Eunc”e

— X

@ 0o Tux— T —F x— o



Theovem : R —FE - B
B compadt => IVBF/B st EoF =R

—=
,pﬂ00¥ : B C ompac%
— j:ini'}e cover Ui v - vlUk = B

— f= G ) v
S.)c. Y 4, E]U5 J(rl'via‘ ,1.e. tlujjf = {ﬁ‘ USX R

Let (L%:Us_’ IR)IS pan'l:i)cion o¥ Uur\ijCy

Defe E ——B " R* s hom /
e —> (b=, (¢b)§©) . )

L isk

D€f= VR E.F/B S%O\U\/ eguivalenjc <S‘ei'>
f EeR"=FeR™ 3 1.7

Cor- E,-E. s well~defd for S-eg. c,asses OJC \/B/B

(jo EoF ™R = [-E]=[F) )

/\/amely, { [E] , @} 15 Abelfam group.

VB/B



Ex: S—ei. Class o]( UM/[R"’ 1S 1'nolep. og IMMENSION .

EXI TSQ 18 SJ(OUV ‘krf\)\'a\. T
(- TS ® Deps = R*). \—

Prop. T s-trivial & IM R w DR trivial
pj: [?] 'bri\/ial.
= M *— R
= v ® Dy = R

§-vaivia\ T ‘E:‘\-/ial

'S-—fr'\via)
- 9
e.  Dwre @ R* = R
p— M e 5 RN x 0 C )—RN-)—Q

q N-nt4
has horma] bdl. ﬂM/rR”""’ = Vypv @R =R"
QED.



§ (Tl'\om's Coloora\ism ‘]:l/\eory

Def M? — MQ Co)oovolavﬁ:
N Mnmmz

’i§ M, u M1:9@ 10 T~
Qﬂ = { M", ll}/’\’ is Abelian group

w/ 1'0(_=Sn and every element has order 2.

nN+Ny

X O Q e duc'\; @
- (1

(well-de d v )

>

n@: Q ) 1 > X gmoleo{ comm. \r{ng W/l
graoleol ala./ Z,.

Thoms theorem: () = Z[ X, %a, . ]/~
dim¥n =N and NFEL1 od ¥gm= RP™.

—sF—5R o0

]f\OYh SPQCQ gov"
ﬁ_ 7(E = | u o0 W

- E/ E21500 ece w teint wit (€10 (§ B compact)

— Eé‘\/ E=1
(gimilan to ST: ]Pru ™ = HQY/{IXIZ‘} =D/g" )

all oubside as 1pt,

¢g MR = J(Wwr)= I\R:LMM ‘@?




: COV\SJ(Yuc{iioY\

Y EJC] e Tr (T(E) , o)
v 0BT, ST ) = (T(E), )

+r-l

S
Brﬂ'f @ —-—iﬁ E B
U:= —S:-’ E) N

APPYUX— Ly SYnoo‘H'\ map {f U——E

%ravxsvense ‘ko B < E

— MY‘ = J(-)(B) ComPach sukrmco{. in U
(indep. o§ dim B )

(TlxeoYem_ Given YRYHE"‘* B . then

shove construction gives 1well-def? homomorphism

At Thsr (TE) , ) —> )

T]’\eorem. r?Tror Jclne um\/ensal Bu\ndle

RN — & — Grl(r.rim)

A Thnsr (T(Z) ,OD> — Qn

(1) A onto ig -1, m 2 n

2) » 1=t 4 -1, m > n+ 1



Plof (N: ¥ M = IM > R=B" if vy

Gauss map: G M — Gr (v, v+ n) s Gelrxem)
+v man
G = Vwe,x = R

then  Vwp = G'(€)

M= Ve = nbda ™) < B

> ]C:'B"mr S ?ﬂ;“ _f:j(pwgm)_)fj(g)
§(9§n+r> 0o — 0

M ['(Gr)

s [ ) € Tae (T(E), @) @ A[§] =[M)
Hence, onto.

Col (2 iven 4 (B™" "M — €) o)
PLof (2). Given {7+ (B™ 2B M(g(

Aggume Mn — f-l(Gr) — 9 @n-l-\

239 81T , kb

and (3 = le(GY> °
Given @Qﬂﬂ

¥
[RY\‘\‘Y' ~ BY\
/ 6»4’/
2(n+H n+r

Y»nt2 = 3 embed @MC R <R R

@ (o §




more Precise\y ,

G’m [0,1]
=/ e
us'm3 OL?S']CYMC%fOY\ ‘Haeory bf S‘)_'eevmool

i9,: nbd (Q = B~I) — J(£)

extend } and g]nbol\& < £~ Gy
Mm— 9 as above. QRED.

Mh

: Gven R —E—B
YN, Pn: T (T(EN— Ha(B.2)

I n< k-1 = (@« 180M. (Tl«om z"szpmovpkism)

Need o comp&e )‘\n(Gr(k,’Vn+,<),Z) w/ k >n+tl

“Theorem (Tlaom) O: @@ :(@ [ ([:]le (EJPL* ]
Ir\ Panjcicular, mn)< Qo:k = # Panjci‘!:ion oJ( k
Gi\/en M SYVIOO'H"L COVY\P&CJ( ovfenjceO{ ’VV\:FA)

kM = 292X 3k ] oriented X
> All /Pon%vjagin ’hULWll)QflS' OJE M \/amsl‘\.

BQSMPE og lA)a“; IV\ un-oh‘en)cea! cases

M = 9X

All /Povx)cvjagm 'y\uuml)ansojj M \/ams}\.
All S{ie?el-\ﬂki{‘ney numbens ojr M vanish.
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